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Abstract
This paper presents the results of numerical simulations of a crystalline undulator based on the channeling of 20 GeV electrons
and positrons. The device considered is characterized by a small amplitude and a short period of periodic bending. Calculations
have been performed accounting for all-atom interactions using the MBN Explorer software package. The effect of low crystal
thickness (less than a channeling oscillations period) on radiation spectrum was studied. A new scheme to product a high-energy
radiation was proposed. It is based on short-period small-amplitude crystalline undulator and allows decreasing the intensity of the
non-undulator part of the spectrum.
Copyright © 2015, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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A crystalline undulator (CU) [1] is a device produc-
ing high-energy radiation by propagating charged rel-
ativistic particles through a periodically bent oriented
crystalline medium. The feasibility of creating such a
device has been predicted theoretically [2–4] and now is
being studied experimentally [5]. This concept is based
on the channeling effect that involves the propagation of
projectiles in oriented crystals along crystalline planes∗ Corresponding author:
E-mail addresses: sushko@mbnexplorer.com (G.B. Sushko),
korol@fias.uni-frankfurt.de (A.V. Korol),
solovyov@mbnresearch.com (A.V. Solov’yov).
http://dx.doi.org/10.1016/j.spjpm.2015.09.002
2405-7223/Copyright © 2015, St. Petersburg Polytechnic University. Product
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.
(Peer review under responsibility of St. Petersburg Polytechnic University).or axes. Projectiles in channels interact with crystalline
medium and oscillate around the center of the channel.
The shape of the channel is responsible for the am-
plitude and the period of channeling oscillations and
the corresponding radiation. Channeling in bent crys-
tals leads to a special type of radiation which depends
on the parameters of crystal bending. In recent years
two main types of crystalline undulators have been dis-
cussed: small-amplitude short-period (SASP) undulators
[5–7], and large-amplitude large-period (LALP) undu-
lators [5,6,8,9]. The bending amplitude is considered
high if its value is more than the inter-planar distance
in the crystal. The bending period is considered large if
its value is larger than that of the period of channeling
oscillations in the channel. Short-period undulators can
be used to generate the radiation with photon energiesion and hosting by Elsevier B.V. This is an open access article under
0/).
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radiation.
In recent series of experiments at Mainzer Microtron
[5] with 600 and 855 MeV electrons the effect of a
small-amplitude short-period undulator was observed.
Another set of experiments with diamond crystalline
undulators is planned within the E-212 collaboration at
the SLAC facility (Stanford Linear Accelerator Center,
USA) with 10–20 GeV electron beam. The current ex-
periments with small-amplitude short-period undulators
are based on thin silicon (or diamond) crystals doped
with small amount of germanium atoms. These crystals
are produced using the Molecular Beam Epitaxy (MBE)
technology.
The cases of LALP and SASP undulators can be
distinguished by the value of the parameter C = ε 
(RU′max). In the case of an LALP undulator, the value
of this parameter is considered small, C  1, because
the projectile has to follow bends of crystalline planes
or axes to produce appropriate radiation. In this case an
increase in the bending amplitude leads to an increase
in the radiation intensity, but also causes an increase in
C being a limiting factor. In SASP undulators the C pa-
rameter can also be formally calculated and its value is
more than 1. In this case projectiles are unable to fol-
low bends of the crystalline medium. What produces the
undulator radiation here is the periodic force acting on
the projectile due to the rapid change of the interplanar
potential. Then the growth of the bending amplitude also
boosts the intensity of radiation but reduces the number
of channeling projectiles. The amplitude in this instance
is limited to a half of the interplanar distance.
In previous papers [10–12] the methodology of simu-
lation of channeling with MBN Explorer was presented
and applied for straight and bent crystals for sub-GeV
energies. The simulations for multi-GeV energies were
also described for bent [13] and periodically bent [6]
crystals.
MBN Explorer implements a full-atom model of the
three-dimensional motion of projectiles in the crystalline
medium. In this work, the crystal parameters were taken
from experiment [5] as a starting point for the simula-
tions. With these parameters the simulation of propaga-
tion of projectiles through the crystals was performed.
Using a quasi-classical approach to the calculation of a
radiation spectrum the radiation of projectiles was cal-
culated and compared for different crystals. It is shown
that for crystals with a thickness less than channeling
oscillations period the channeling radiation effect can
be suppressed, while undulator radiation can still be
generated. The parameters of this radiation are studied
numerically.2. Physical model
The simulation of propagation of a relativistic projec-
tile in a crystalline medium was performed by solving
the classical relativistic equations of motion. The force
acting on a projectile was calculated as a sum of its in-
teractions with neighboring atoms of the medium. Each
atom of the medium was considered as fixed in space
as its velocity is much lower than the speed of projec-
tile. Interaction of the projectile with atoms was modeled
using the classical Molière [14] interaction potential for
screened charges. The atom positions are conditioned by
the crystal grid and random displacement due to thermal
vibrations. We took the crystalline grid parameters and
thermal vibrations from literature [15].
In order to simulate the propagation of a whole beam,
the parameters of individual projectiles are randomly
sampled. These parameters include an entry point of the
projectile into the crystal and an angle between a particle
initial velocity and a beam direction. The width of the
angular distribution is determined by beam emittance. A
random shift of the atoms of the medium due to thermal
vibration also causes the sampling of the crystal param-
eters.
An accelerated motion of charged projectiles in crys-
tal channels produces radiation which can be character-
ized by a radiation spectrum differential with respect to
the photon energy h¯ω and integrated over the given an-
gular aperture θd.
The simulated trajectories were used to compute the
spectral distribution of the emitted radiation. For each
set of simulated trajectories of the total number N0 the
spectral distribution emitted within the cone θ < θd with
respect to the incident beam was calculated as follows:
dE (θ < θd )
h¯dω
= 1
N0
N0∑
j=1
∫ 2π
0
dφ
∫ θd
0
θdθ
d3Ej
h¯dωd
, (1)
here d3Ej/ h¯dωd is the spectral–angular distribution
emitted by a particle moving along the jth trajectory.
The sum is carried out over all simulated trajectories,
i.e. it takes into account the contribution of the chan-
neling segments of the trajectories as well as of those
corresponding to the non-channeling regime.
In order to calculate d3Ej/ h¯dωd a general quasi-
classical method developed by Baier and Katkov [16]
was used. The quasi-classical approach explicitly takes
into account the quantum corrections due to the radiative
recoil. The method is applicable in the whole range of
the emitted photon energies, except for the extreme high-
energy tail of the spectrum where (1 − h¯ω/ε) << 1.
Within the framework of the quasi-classical approach,
the spectral distribution in energy radiated in the given
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Fig. 1. Radiation spectra for 20 GeV electrons and positrons in the
straight and the periodically bent diamond (a) and silicon (b) crystals;
a = 0.4 ˚A, λu = 0.4 μm.
Fig. 2. A comparison between radiation spectra (20 GeV electrons)
for two bent diamond crystals with different thickness values: 24 μm
(1) and 4 μm (2). The characteristic channeling oscillations period is
equal to 9 μm and falls between the thickness values. For the sake of
comparison, the curve 2 is multiplied by the factor of 6.direction n by an ultra-relativistic particle is given by the
following expression (see Ref. [17] for the details):
d3Ej
h¯dωd
= αq
2ω2
8π2
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2eiω
′(ψ(t1)−ψ(t2 ))
×
(
(1+(1+u)2)
(
v(t1) · v(t2)
c2
−1
)
+ u
2
γ 2
)
,
(2)
where
u = h¯ω
ε − h¯ω,ψ(t ) = t −
n · r(t )
c
, ω′ = ω(1 + u).
In the classical limit u → 0, ω′ = ω. These equations
allow us to compute the emission spectrum for each sim-
ulated trajectory. Averaging the spectrum over all trajec-
tories allows calculating the spectrum of the beam, and
determines the statistical error.
3. Numerical results
Let us consider planar channeling in straight and peri-
odically bent crystals of silicon and diamond. The thick-
ness of the crystal is 4 μm, the bending period λu is
0.4 μm and the bending amplitude a is 0.4 ˚A which is
lower than a half of the interplanar distance in both cases.
The motion of charged projectiles in the straight crystal
corresponds to a classical channeling regime. The sec-
ond case corresponds to a SASP crystalline undulator
regime. The beam is oriented in a (110) plane, avoiding
axial channeling directions.
The results of the simulation of radiation of 20 GeV
electrons and positrons are compared for the straight
and periodically bent diamond and silicon crystals
(Fig. 1). At this energy, the natural emission angle is
θ c = 1/γ = 25.6 μrad. The value of beam emittance
taken was ψ = 5 μrad. The angular aperture of the de-
tector taken θmax = 150 μrad was 5.8 times higher than
the natural emission angle, and covering most of the ra-
diation of projectiles.
In both pictures (see Fig. 1) the rise of each curve
(below 1 GeV) corresponds to the channeling radiation,
while the peak at ∼6 GeV as well as other ones corre-
sponds to the undulator radiation. Bending of a crystal
leads to a significant suppression of the channeling peak.
This effect can be described in terms of an average po-
tential model of channeling. With increase in the bend-
ing amplitude the potential well depth decreases but its
width grows. This leads to a decrease in the number of
channeling projectiles and in frequencies of channeling
oscillations.
Another factor of suppression of the channeling ra-
diation arises from the high parameter values being un-fit for thin crystals; for example, the characteristic peri-
ods of channeling oscillations in simulated trajectories
for positrons are equal to 9 μm in C(110) channels and
11.5 μm in Si(110) channels at the energy of projectiles
of 20 GeV; these periods are longer than some crystal
thickness values. This difference causes the suppression
of the channeling effect in thin crystals. The comparison
between the radiation spectrum for a thick (24μm) crys-
tal and that for a thin (4 μm) one is shown in Fig. 2. The
values for the thinner crystal are multiplied by a factor of
6 for comparison. As can be seen from the plots, the un-
dulator peaks of both curves nearly coincide, while the
curve shapes in the region of lower photon energies are
significantly different. The channeling produces a sharp
peak of radiation around the energy of 150 MeV for a
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Fig. 3. A comparison between the radiation spectra (20 GeV electrons)
in CU for different apertures θmax: 1μrad (1), 30μrad (2), 150μrad (3). Fig. 4. The scheme of the CU stack made of 1, 2,…, n periodically
bent crystal layers, each of the thickness l. The quantity l′ stands for
the gap between the layers, λu is the bending period. Arrowed lines
illustrate the trajectories of projectiles.
Fig. 5. Radiation spectra for the small (a) and large (b) apertures cal-
culated for different number of layers (l = 4μm) in a stack: 1 (curve 1),
4 (2), 8 (4), 12 (5); θmax = 250 μrad (a) and 15, 6 μrad (b); a = 0.4 ˚A,
λu = 0.4 μm.thick crystal, while the corresponding peak is absent for
a less thickness, and the radiation is produced by a syn-
chrotron effect.
The radiation emission by projectiles in this sim-
ulation is directed strongly along the beam. For the
small-aperture undulator the radiation is emitted within
a narrow energy range. The dependence of the emitted
radiation spectrum on the detector aperture θmax is
shown in Fig. 3. In the case of the narrow aperture
θmax = 10 μrad the peak in the spectrum is rather sharp.
With an increase in the aperture the absolute value of
the number of high-energy photons grows, but the peak
width grows as well. At θmax = 150 μrad the radiation
spectrum saturates and does not change at higher aper-
ture values.
3.1. Crystalline undulator stack
The effect of suppression of channeling radiation in
short-periodically bent crystals can be used in order to
produce undulator radiation with a higher efficiency. To
increase the energy of undulator radiation without in-
creasing channeling radiation, it is possible to use a stack
of short crystalline undulators instead of one long undu-
lator. The scheme of such a crystalline system is shown
in Fig. 4. In this system, the projectile passes several lay-
ers of periodically bent crystalline medium, the radiation
produced at all layers adds to the total radiation produced
by projectile. For an SASP undulator the thickness of the
layers could be taken in the interval between the bending
periodλu and the characteristic channeling period of pro-
jectile. Such choice of the parameters leads to absence
of full channeling oscillation periods in each channeling
segment of trajectory of projectile which results in the
suppression of channeling radiation. The effect of undu-
lator radiation in the system remains and grows with an
increase in the number of layers.
To simulate the effect of channeling in CU stack the
following system was modeled. A set of layers (l=4μm)
of periodically bent crystals was put into the simulationbox with gaps (l′ = 4 μm) between layers, the period of
crystal bending was set to λ = 0.4 μm. Such a system
corresponds to a case of the crystalline undulator stack.
In this instance the projectiles are captured in the first
crystal, escape from the crystal at some point, and have to
be captured again in the next crystal layer. The process of
the recapturing of the projectiles in the channeling mode
leads to the increase in angular dispersion in velocity of
projectiles and the decrease in the number of channeling
particles as the number of layers increases.
The thickness of layers in this simulation is set below
the channeling oscillations period (11.5 μm) but above
the period of crystal bending (0.4 μm). Such a choice of
the crystal thickness leads to the suppression of channel-
ing radiation due to the lack of full oscillation periods,
but the undulator radiation remains.
The comparison between radiation spectra for the dif-
ferent number of layers in stack is given in Fig. 5. The
energy of both synchrotron and undulator radiation
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Fig. 6. A comparison between radiation spectra formed by positrons
in a 24-μm-thick crystal (1, 3) and in a stack of 6 crystals of l = 4 μm
(2, 4). The spectra are calculated for two different apertures: 15.6μrad
(3, 4) and 250 μrad (1, 2). The beam energy is 20 GeV; a = 0.4 ˚A,
λu = 0.4 μm.grows linearly with an increase in the number of stack
layers up to 4 (the case for small aperture). For the higher
number of stack layers the angular distribution of pro-
jectile velocities becomes wider and the radiation in a
narrow cone saturates. For higher aperture the growth of
the peak intensity continues.
The radiation from a single crystal undulator (the
crystal is 24 μm thick) is compared to a stack of them
(6 × 4 μm) in Fig. 6. It can be seen, that in the stack
case the channeling peak in the radiation spectrum is
suppressed, while the undulator peak is nearly the same
as for the case of a single crystal.
4. Summary
This paper deals with the simulation of photon emis-
sion by 20 GeV electrons and positrons in a small-
amplitude crystalline undulator. The obtained results
have been presented and thoroughly discussed. The sim-
ulations were performed using the MBN Explorer soft-
ware package with accounting for all-atom interactions
of projectiles. It is shown that for high-energy projectiles
in thin periodically bent silicon and diamond crystals the
effect of channeling is highly suppressed, but the motion
in a periodically bent medium generates intensive radi-
ation. This regime is favorable for the construction of a
crystalline undulator based on light sources as the en-
ergy of a projectile is transferred mostly to the undulator
radiation.
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